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1. Introduction
Spherical designs were introduced in 1977 by Delsarte, Goethals and Seidel (hereafter DGS) [11]. A spherical τ -design
C ⊂ Sn−1 is a finite nonempty subset of Sn−1 such that
1
µ(Sn−1)
∫
Sn−1
f (x)dµ(x) = 1|C |
∑
x∈C
f (x)
(µ(x) is the Lebesgue measure) holds for all polynomials f (x) = f (x1, x2, . . . , xn) of degree at most τ . The strength of C is
the maximal number τ = τ(C) such that C is a τ -design.
If C ⊂ Sn−1 is a spherical τ -design and x ∈ C then (see [13])∑
y∈C\{x}
f (〈x, y〉) = f0|C | − f (1) (1)
holds, where f0 is the first coefficient in the expansion of f (t) = ∑ki=0 fiP (n)i (t) in terms of the Gegenbauer polynomials
[1, Chapter 22].
Denote B(n, τ ) = min{|C | : C ⊂ Sn−1 is a τ -design}. The problems for estimating the size of spherical designs from
below and the size of spherical codes from above are dual in a certain sense (see [12,13]). DGS [11] proved the following
lower bound for B(n, τ ):
B(n, τ ) ≥ D(n, τ ) =

2
(
n+ k− 2
n− 1
)
, if τ = 2k− 1,(
n+ k− 1
n− 1
)
+
(
n+ k− 2
n− 1
)
, if τ = 2k.
(2)
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When the cardinality |C | is odd we denote
Bodd(n, τ ) = min{|C | : C ⊂ Sn−1 is a τ -design with odd cardinality |C |}
and address the following problem.
Problem 1. For fixed integer τ = 2k− 1 ≥ 3 and for n→∞, obtain lower bounds for Bodd(n, τ ).
By Bodd(n, τ ) & Ank−1, A is a constant, we mean limn→∞
Bodd(n,τ )
nk−1 ≥ A. The DGS bound (2) implies that Bodd(n, 2k− 1) &
2nk−1
(k−1)! .
Amethod for proving the nonexistence of spherical (2k−1)-designswith odd cardinality |C | = M was proposed recently
in [4,5]. In the designs under consideration, some special triples and quadruples of points can be identified and further
investigated. The method was successfully applied for values of M which are relatively close to D(n, τ ) and for relatively
small dimension n and strength τ = 3, 5 and 7 and in the asymptotic case when τ = 3, n→∞ and |C | = (2+ γ )n, γ is a
constant. It is proved in [4] that Bodd(n, 3) & 2.3925n. In what follows we assume that τ ≥ 5.
In this paper we modify the techniques from [4,5] to obtain new asymptotic lower bounds for Bodd(n, 2k − 1), k ≥ 3.
In Section 2 we give some notations, definitions and results which will be used later. Section 3 describes our approach to
Problem 1. In Section 4, we present the main result, which shows that
Bodd(n, 2k− 1) & (1+
2k−1√3)
(k− 1)! n
k−1
for τ = 2k− 1, 3 ≤ k ≤ 13. Some discussion and numerical results for odd τ , 5 ≤ τ ≤ 17, are presented.
It is worth mentioning that the Euclidean case is just a special case (antipodal one) of the so-called polynomial metric
spaces (PMSs) [12,13]. The complete list of infinite PMSs consists of Sn−1 and the projective spaces FPn−1, where F =
R,C,H,O (in fact, OPn−1 exists for n = 2, 3 only). The analogs of (2) are usually referred to as the Delsarte bounds.
Related works in infinite PMSs include various improvements of the Delsarte bounds. Boyvalenkov and Nikova [9,10]
obtained numerical improvements together with conditions for optimality of the polynomials of degree τ + 3 for Sn−1
and τ + 2 used for projective spaces. Later Nikov and Nikova [15] showed the analytic form of these bounds and obtained
asymptotic improvements in two processes: when the dimension n is fixed and the strength τ tends to infinity and when
both n and τ tend to infinity with a fixed ratio n
τ
. In the first case, good asymptotic bounds were found earlier by Yudin [16].
Improvements for the projective cases were found also by Lyubich [14] as a generalization of Yudin’s result.
2. Preliminaries
Let the integers n ≥ 3, odd τ = 2k− 1 ≥ 3, and oddM ≥ D(n, τ )+ 1 be fixed and let C ∈ Sn−1 be a spherical τ -design
of odd size:
|C | = M =
(
2
(k− 1)! + γ
)
nk−1,
where γ > 0 is a constant.
For every fixed point x ∈ C , the points in C \ {x} = {u1, u2, . . . , u|C |−1} can be ordered so that−1 ≤ 〈u1, x〉 ≤ 〈u2, x〉 ≤
· · · ≤ 〈u|C |−1, x〉 < 1. Let ti(x) = 〈ui, x〉 for i = 1, . . . , |C | − 1 and I(x) = {t1(x), t2(x), . . . , t|C |−1(x)} (note that I(x) may
contain repeating numbers).
It follows from [13, Section 4] (see also [2]) that for every fixed cardinality M ≥ D(n, 2k − 1) there exist uniquely
determined real numbers−1 ≤ α0 < α1 < · · · < αk−1 < 1 and ρ0, ρ1, . . . , ρk−1, ρi > 0 for i = 0, 1, . . . , k− 1, such that
the equality
f0 = f (1)M +
k−1∑
i=0
ρif (αi) (3)
is true for every real polynomial f (t) of degree at most 2k − 1. The numbers αi, i = 0, 1, . . . , k − 1, are the roots of the
equation Pk(t)Pk−1(s)− Pk(s)Pk−1(t) = 0, where s = αk−1; Pi(t) = P (n−1)/2,(n−3)/2i (t) is a Jacobi polynomial [1].
We use (3) in the calculations of f0|C | − f (1) in the right-hand side of (1). We denote g(t) = (t − α1)2(t − α2)2 · · · (t −
αk−1)2 =∑2k−2i=0 giP (n)i (t). It follows by (3) that
g0|C | − g(1) = ρ0|C |g(α0). (4)
We obviously have g(ti(x)) ≥ 0 for every x ∈ C and every i.
We denote byUτ ,i(x) (respectively Lτ ,i(x)) any upper (respectively lower) bound on the inner product ti(x).When a bound
does not depend on x, we omit x in the notation.
The following necessary conditions for the existence of τ -designs C ⊂ Sn−1 with odd τ and |C |were proved earlier.
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Lemma 2.1 ([2]). Let C ⊂ Sn−1 be a τ -design with odd τ = 2k − 1. For any point x ∈ C we have t1(x) ≤ Uτ ,1 = α0 and
t|C |−1(x) ≥ Lτ ,|C |−1 = αk−1. If |C | is odd, then there exist a point x ∈ C such that t2(x) ≤ Uτ ,2(x) = α0.
Lemma 2.2 ([3]). Let C ⊂ Sn−1 be a τ -design with odd τ = 2k− 1 and odd cardinality |C |. Then there exist three distinct points
x, y, z ∈ C such that t1(x) = t1(y) and t2(x) = t1(z). Moreover, we have t|C |−1(z) ≥ Lτ ,|C |−1(z) = max{αk−1, 2α20 − 1}.
Theorem 2.3 ([2]). If C ⊂ Sn−1 is a τ -design with odd τ = 2k− 1 and odd |C |, then ρ0|C | ≥ 2.
The next assertion describes the parameters’ behavior in our asymptotic process. We set 1+ γ (k− 1)! := θ for short.
Theorem 2.4. Let C ∈ Sn−1 be a spherical τ -design of odd size |C | =
(
2
(k−1)! + γ
)
nk−1, where γ > 0 is constant, n tends to
infinity and τ = 2k− 1 ≥ 3 is fixed. Then we have the following:
(a) [6]αi ∼ 0, for i = 1, 2, . . . , k−1,α0 ∼ − 1θ ; (b) g(t) ∼ t2k−2;
(c) ρ0|C | ∼ θ2k−1; (d) ρ0|C |g(α0) ∼ θ .
Proof. (b) This follows by (a) and g(t) = (t − α1)2(t − α2)2 · · · (t − αk−1)2.
(c) This follows from the formula ρ0|C | = − (1−α
2
1 )(1−α22 )···(1−α2k−1)
α0(α
2
0−α21 )(α20−α22 )···(α20−α2k−1)
(see [7, Appendix]) and (a).
(d) This follows by (a), (b) and (c). 
As in [5], we also need the conditions
2 ≤ ρ0|C | < 3 and 2α20 − 1 > αk−1. (5)
The first restriction in (5) is stronger and asymptotically corresponds to γ <
2k−1√3−1
(k−1)! , while the second inequality gives
γ <
√
2−1
(k−1)! . However, we prefer always to keep inmind the condition 2α
2
0−1 > αk−1, since it starts an important procedure
of improving bounds in special quadruples. Moreover, some bounds remain valid when only the second assumption holds.
Boyvalenkov, Danev and Nikova [8] obtained the bound
Bodd(n, 2k− 1) & (1+
2k−1√2)
(k− 1)! n
k−1.
This asymptotic bound corresponds also to the necessary condition ρ0|C | ≥ 2 of Theorem 2.3. In [3], Boumova, Boyvalenkov
and Danev obtained a further improvement:
Bodd(n, 2k− 1) & (1+ x0)
(k− 1)! n
k−1,
where x0 >
2k−1√2 is defined as the only real root of a certain equation (see [3]). Therefore we can suppose that |C | =(
2
(k−1)! + γ
)
nk−1, where γ ∈
[
x0−1
(k−1)! ,
2k−1√3−1
(k−1)!
]
is fixed.
Let Tk be the set of the designs under consideration. We will always assume that the dimension n is large enough to have
all bounds below valid.
3. Asymptotic bounds on inner products
In this section we apply the approach of [5, Sections 3–5] in the asymptotic process under consideration. We obtain
asymptotic bounds on the extreme inner products for some special points of C . Such bounds are used in existence checks—
necessary conditions which follow from (1). We omit technicalities which repeat some work from [5]. The derivation of the
asymptotic bounds requires complicated calculations even in the first cases, and we made use of Maple.
We start with bounds for the special triples from Lemma 2.2.
Theorem 3.1. Let C ⊂ Tk and {x, y, z} ⊂ C be a special triple as in Lemma 2.2. Then we have the following:
(a) t1(z) ≥ Lτ ,1(z) ∼ −
(
θ
2
)1/(2k−2);
(b) t2(z) ≤ Uτ ,2(z) ∼
1+
(
2−θ2
θ2
)2k−1
−
(
θ
2
)1+1/(2k−2)
(
2−θ2
θ2
)2k−2− θ2 ;
(c) t3(z) ≥ Lτ ,3(z) ∼ −
[
1
2
(
θ2k−1−1
θ2k−2 −
(
2−θ2
θ2
)2k−2)]1/(2k−2)
.
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Proof. (a) The inequality ρ0|C |g(α0) ≥ 2g(t1(z)) follows as in [5, Lemma 4] using (1) and (4). Thenwe apply Theorem 2.4(b)
and (d) to obtain θ ≥ 2t2k−21 (z). It remains to take into account that t1(z) < 0.
(b) We use (1) and (3) with f (t) = (t − t2(z))g(t) to obtain the inequality
t2(z) ≤ Lτ ,1(z)g(Lτ ,1(z))+ (2α
2
0 − 1)g(2α20 − 1)− ρ0|C |α0g(α0)
g(Lτ ,1(z))− ρ0|C |g(α0)+ g(2α20 − 1)
(the denominator is assumed to be negative) as in [5, Lemma 5]. We now replace g(Lτ ,1(z)) ∼ ρ0|C |g(α0)/2 ∼ θ/2 from (a)
and Theorem 2.4(d), Lτ ,1(z) from (a), α0 and ρ0|C |g(α0) by their asymptotic from Theorem 2.4(a) and (d). The denominator
becomes
(
2−θ2
θ2
)2k−2 − θ2 and is negative indeed for γ in the required interval (this is checked by Maple).
(c) We have 2g(t3(z)) ≤ (ρ0|C | − 1)g(α0) − g(2α20 − 1) by (1) and (4). It remains to take the limit of both sides using
Theorem 2.4 to obtain the required lower bound. We are able to use here the assumption that t3(z) < 0 as in (a), since the
converse bound is stronger than Lτ ,3(z). 
Every special triple {x, y, z} ⊂ C is now extended to a special quadruple {x, y, z, u} ⊂ C by adding u ∈ C defined by
t2(z) = 〈z, u〉. We proceed with a careful investigation of the special quadruples. A special quadruple {x, y, z, u} ⊂ C is
called ‘‘good’’ if t2(z) ≤ α0.
Theorem 3.2. Let C ⊂ Tk and {x, y, z, u} ⊂ C be a special quadruple which is not ‘‘good’’. Then we have the following:
(a) t1(z) ≤ Uτ ,1(z), where Uτ ,1(z) is the smallest root of the asymptotic version of the equation f (t) = (ρ0|C | − 1)f (α0) −
f (Lτ ,|C |−1(z)), f (t) = (t − Lτ ,3(z))g(t);
(b) if L(1)x (g) := θ − 2U2k−2τ ,2 (x) − L2k−2τ ,M−1(x) < 0, then there exist no spherical τ -designs C ⊂ Tk, |C | = M, with a special
quadruple which is not ‘‘good’’.
Proof. (a) We have ρ0|C |f (α0) ≥ f (t1(z))+ f (α0)+ f (t|C |−1(z)) by (1) and (3) as in [5, Lemma 9]. We take the limits in both
sides using the bound t|C |−1(z) ≥ 2α20 − 1 from Lemma 2.2 (together with the fact that f (t) is increasing in (αk−1,+∞),
Theorem 3.1(c)) and the asymptotic from Theorem 2.4 to obtain the inequality
(
t1(z)− Lτ ,3(z)
)
t2k−21 (z) ≤
(1− θ2k−1)(1+ θLτ ,3(z))
θ2k−1
−
(
2
θ2
− 1− Lτ ,3(z)
)(
2− θ2
θ2
)2k−2
.
Note that f (t) is an increasing function in the interval (−∞, Lτ ,3(z)), while t1(z) ∈ [−1, α0] is a subinterval of it. Therefore
Uτ ,1(z) is the unique real root of the equation(
t − Lτ ,3(z)
)
t2k−2 = (1− θ
2k−1)(1+ θLτ ,3(z))
θ2k−1
−
(
2
θ2
− 1− Lτ ,3(z)
)(
2− θ2
θ2
)2k−2
.
We find Uτ ,1(z) numerically by Maple for every fixed γ .
(b) We assume the existence and obtain by (1) and (4) the inequality
ρ0|C |g(α0) ≥ 2g(Uτ ,2(x))+ g(Lτ ,|C |−1(x)).
Here we have Uτ ,2(x) = Uτ ,1(z) since t1(z) = t2(x), where Uτ ,1(z) is taken from (a), and Lτ ,|C |−1(x) is obtained as in
[5, Lemma 7]. Taking the asymptotic by Theorem 2.4, we obtain the inequality θ ≥ 2U2k−2τ ,2 (x)+L2k−2τ ,M−1(x), which contradicts
the condition. 
In the case when all special quadruples are ‘‘good’’, we have a better lower bound t|C |−1(x) = 〈x, u〉 ≥ 2α20 − 1
and, moreover, the bound t2(z) ≤ α0 is better than this from Theorem 3.1(b). This implies another strong condition
[5, Theorem 2] on at least one special quadruple. Indeed, we have t|C |−2(x) ≥ 2α20 − 1 or t|C |−2(z) ≥ 2α20 − 1 for at least one
‘‘good’’ quadruple [5, Corollary of Theorem 2]. Then a ‘‘good’’ special quadruple is called x-‘‘good’’ (respectively z-‘‘good’’) if
t|C |−2(x) ≥ 2α20 − 1 (respectively t|C |−2(z) ≥ 2α20 − 1). The next two assertions deal with the asymptotic in x-‘‘good’’ and
z-‘‘good’’ quadruples, respectively.
Theorem 3.3. Let C ⊂ Tk and {x, y, z, u} ⊂ C be a x-‘‘good’’ special quadruple. Then we have the following:
(a) t3(z) ≥ Lτ ,3(z) ∼ −
[
θ2k−1−1
θ2k−2 − U2k−2τ ,1 (z)− L2k−2τ ,|C |−1(z)
]1/(2k−2)
;
(b) t1(z) ≤ Uτ ,1(z), where Uτ ,1(z) is the smallest root of the asymptotic version of the equation 2f (t) = ρ0|C |f (α0) −
f (Lτ ,|C |−1(z)), f (t) = (t − Lτ ,3(z))g(t);
(c) if L(2)x (g) := θ −
(
2−θ2
θ2
)2k−2 − 2U2k−2τ ,2 (x)− L2k−2τ ,M−1(x) < 0, then there exist no spherical τ -designs C ⊂ Tk, |C | = M, with
an x-‘‘good’’ special quadruple.
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Proof. (a) We obtain g(t3(z)) ≤ (ρ0|C | − 1)g(α0)− g(Uτ ,1(z))− g(Lτ ,|C |−1(z)) from (1) and (4) and take the limit of both
sides of this inequality by Theorem 2.4. As in Theorem 3.1(c), we can assume that t3(z) < 0 to complete the calculation.
(b) The inequality ρ0|C |f (α0) ≥ 2f (t1(z))+ f (Lτ ,|C |−1(z)) follows from (1) and (3). We take the limit of both sides by (a),
(b) and Theorem 2.4 to obtain the inequality
2
(
t1(z)− Lτ ,3(z)
)
t2k−21 (z) ≤ −1− θLτ ,3(z)−
(
2
θ2
− 1− Lτ ,3(z)
)(
2− θ2
θ2
)2k−2
.
The remaining part is as at the end of Theorem 3.2(a).
(c)We have by (1) and (3) the inequality ρ0|C |g(α0) ≥ 2g(Uτ ,2(x))+g(Lτ ,|C |−1(x))+g(2α20−1), whereUτ ,2(x) = Uτ ,1(z)
as in Theorem 2.3(c). Then Theorem 2.4 implies that θ ≥ 2U2k−2τ ,2 (x) + L2k−2τ ,M−1(x) +
(
2−θ2
θ2
)2k−2
for large enough n, which
contradicts the condition. 
Theorem 3.4. Let C ⊂ Tk and {x, y, z, u} ⊂ C be a z-‘‘good’’ special quadruple. Then we have the following:
(a) t3(z) ≥ Lτ ,3(z) ∼ −
[
θ2k−1−1
θ2k−2 −
(
2−θ2
θ2
)2k−2 − U2k−2τ ,1 (z)− L2k−2τ ,|C |−1(z)] 12k−2 ;
(b) t1(z) ≤ Uτ ,1(z), where Uτ ,1(z) is the smallest root of the asymptotic version of the equation 2f (t) = ρ0|C |f (α0)− f (2α20 −
1)− f (Lτ ,|C |−1(z)), f (t) = (t − Lτ ,3(z))g(t);
(c) if L(3)x (g) := θ − 2U2k−2τ ,2 (x) − L2k−2τ ,M−1(x) < 0, then there exist no spherical τ -designs C ⊂ Tk, |C | = M, with a z-‘‘good’’
special quadruple.
Proof. Analogous to that of Theorem 3.3. Note that the same notation can be used for different bounds. 
Remark 3.5. Sometimes the existence checks (Theorems 3.2(b), 3.3(c) and 3.4(c)) do not work immediately, and we go
back with better bounds to repeat the procedure. Of course, this causes considerably longer expressions for all bounds and
necessary conditions and we prefer to do such iterations numerically.
4. Main result, comments and numerical results
We summarize the results in the following theorem.
Theorem 4.1. Let the odd integers τ = 2k − 1 ≥ 5 and M =
(
2
(k−1)! + γ
)
nk−1, where γ ∈
[
x0−1
(k−1)! ,
2k−1√3−1
(k−1)!
]
, be fixed. If
L(i)x (g) < 0 for i = 1, 2, 3, then for every large enough n there exist no τ -designs C ⊂ Tk with |C | = M.
Proof. Assume the converse, i.e., that there exists C ⊂ Tk under the above assumptions.
If there exists a special quadruple which is not ‘‘good’’, then L(1)x (g) < 0 gives a contradiction by Theorem 3.2(b). If
all special quadruples are ‘‘good’’ and an x-‘‘good’’ special quadruple exists, then L(2)x (g) < 0 gives a contradiction by
Theorem 3.3(c). If there exists a z-‘‘good’’ special quadruple then L(3)x (g) < 0 gives a contradiction by Theorem 3.4(c). 
Corollary 4.2. If C ⊂ Sn−1 is a spherical τ -design, τ = 2k− 1, k = 3, 4, . . . , 13, of odd cardinality and n is large enough, then
ρ0|C | ≥ 3. In other words,
Bodd(n, 2k− 1) & (1+
2k−1√3)
(k− 1)! n
k−1.
Proof. All bounds in Section 3 are monotonic in the right direction—the lower bounds are increasing and the upper bounds
are decreasing. Also, the functionals L(i)x (g) for i = 1, 2, 3 are decreasing (in some sense, the polynomial g(t) is optimal for
our method).
Therefore the nonexistence proof for any γ0 ∈
[
x0−1
(k−1)! ,
2k−1√3−1
(k−1)!
]
means nonexistence for every γ ∈
[
x0−1
(k−1)! , γ0
]
. The best
γ we have achieved is γ0 = 2k−1
√
3−1
(k−1)! for all odd τ ∈ {5, 7, . . . , 25}. 
Table 1 gives the asymptotic form of the DGS bounds [11], the previously best known bounds and some calculations of
new bounds.
Remark 4.3. For γ >
2k−1√3−1
(k−1)! , one may have t3(v) < α0 for some v ∈ C , and this makes impossible some steps in our
method, although other bounds remain valid. Since this is not a great problem in small dimensions, we hope to be able to
deal with this situation in the asymptotic case despite the fact that the direct application of the method from [5] does not
work.
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Table 1
Asymptotic lower bounds for Bodd(n, τ ).
τ DGS bounds [11] Previously best known bounds New bounds (with γ = 2k−1
√
3−1
(k−1)! )
3 2n 2.3925n [4]
5 n2 1.09309n2 [3] 1.12286n2
7 n
3
3 ≈ 0.33333n3 0.35314n3 [3] 0.36165n3
9 n
4
12 ≈ 0.08333n4 0.08667n4 [8,2,6] 0.08874n4
11 n
5
60 ≈ 0.01666n5 0.01721n5 [8,2,6] 0.01754n5
13 n
6
360 ≈ 0.0027777n6 0.0028538n6 [8,2,6] 0.0029003n6
15 n
7
2520 ≈ 0.0003968n7 0.0004062n7 [8,2,6] 0.0004119n7
17 n
8
20160 ≈ 0.00004960n8 0.00005063n8 [8,2,6] 0.00005126n8
Remark 4.4. It is worth noting that the bound Bodd(n, 3) & 2.3925n from [4] corresponds to ρ0|C | > 2.7. However, we
assume that the following is true (not only asymptotically).
Conjecture 4.5. If C ⊂ Sn−1 is a spherical τ -design, τ = 2k− 1, with odd cardinality, then ρ0|C | ≥ 3.
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